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STABLE RATIONALITY OF INDEX ONE FANO HYPERSURFACES
CONTAINING A LINEAR SPACE
TAKUZO OKADA
Abstract. We prove that a very general complex hypersurface of degree n+1 in Pn+1
containing an r-plane with multiplicity m is not stably rational for n ≥ 3,m, r > 0
and n ≥ m + r. We also investigate failure of stable rationality of a very general
hypersurface of degree n+1 in Pn+1 admitting several isolated ordinary double points.
1. Introduction
Throughout the introduction, the ground field is the complex number field C. By
an index one Fano hypersurface, we mean a hypersurface of degree n + 1 in Pn+1. It
is proved by Totaro [20] that a very general hypersurface of degree n + 1 in Pn+1 is
not stably rational for n ≥ 3, and it is proved by de Fernex [7] that every smooth
such hypersurface is not rational. Here a very general hypersurface is a hypersurface
corresponding to a complement of at most countable union of proper closed subset in
the moduli. In general, given a family of algebraic varieties, special members of the
family are closer to being (stably) rational compared to general members. However,
this is not always true and behavior of (stable) rationality in a family is subtle (see
[6, 8, 9, 14, 16, 19, 21]).
The aim of this paper is to study stable rationality of index one Fano hypersur-
faces containing a linear space. There are many results for the rationality of index
one hypersurfaces of dimension 3, i.e. quartic 3-folds. Non-rationality of the following
varieties are known: a very general quartic 3-fold containing a plane ([2]), a general
quartic 3-fold containing a line doubly ([5]), and a factorial quartic 3-fold containing at
most ordinary double points ([12]). In arbitrary dimension, it is proved in [17] that a
general hypersurface of degree n+1 in Pn+1 containing a unique point with multiplicity
n− 1 is not rational. Apart from (index one) Fano hypersurfaces, it is worth while to
mention that Schreieder [18] proved that a very general hypersurface of degree d in
Pn+1 containing an r-plane with multiplicity d − 2 is not stably rational under some
conditions on n, d, r. Although we do not explain the above conditions, the inequality
d ≥ n + 3 must be satisfied, hence the above result does not cover (index one) Fano
hypersurfaces. We state the main theorems of this paper.
Theorem 1. Let n ≥ 3,m and r be positive integers such that n ≥ m + r. Then a
very general complex hypersurface of degree n + 1 in Pn+1 containing an r-plane with
multiplicity m is not stably rational.
In the above statement, the hypersurface has at most canonical singularities, and it
is terminal (resp. smooth) if and only if n > m + r (resp. m = 1 and r ≤ bn/2c). For
index one hypersurfaces containing isolated double points, we have the following.
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2 TAKUZO OKADA
Theorem 2. Let n ≥ 3 be an integer and e = max{ l ∈ N | 2l + l ≤ n }. Then a very
general complex hypersurface of degree n+1 in Pn+1 containing (at most) e+1 isolated
ordinary double points is not stably rational.
Acknowledgments. The author is partially supported by JSPS KAKENHI Grant
Number 26800019.
2. Definition of families and reduction of the problem
2.1. Toric weighted projective space bundles. We work over a field k. A toric
weighted projective space bundle over Pn is a projective simplicial toric variety P with
Cox ring
Cox(P ) = k[u, x] = k[u0, . . . , un, x0, . . . , xm],
which is Z2-graded as (
1 · · · 1 λ0 · · · λm
0 · · · 0 a0 · · · am
)
and with the irrelevant ideal I = (u0, . . . , un) ∩ (x0, . . . , xm), where λ0, . . . , λm are
integers and n,m, a0, . . . , am are positive integers. In other words, P is the geometric
quotient
P = (An+m+2 \ V (I))/G2m,
where the action of G2m = Gm × Gm on An+m+2 = Spec k[u, x] is given by the above
matrix. We will simply say that P is the WPS bundle over Pn defined byu0 · · · un x0 · · · xm1 · · · 1 | λ0 · · · λm
0 · · · 0 | a0 · · · am
 .
There is a natural projection P → Pn, which is the projection by the coordinates
u0, . . . , un, and its fiber is isomorphic to the weighted projective space P(a0, . . . , am).
Remark 3. Let P be as above and assume that a0 = · · · = am = 1. In this case P is
isomorphic to the Pm-bundle
P ∼= PPn(OPn(−λ0)⊕ · · · ⊕ OPn(−λm))
over Pn and the morphism P → Pn coincides with the projection.
Let p ∈ P be a point and let q ∈ An+m+2 \V (I) be a preimage of p via the morphism
An+m+2 \ V (I) → P and write q = (α0, . . . , αn, β0, . . . , βm). In this case we express
p ∈ P as p = (α0 : · · · :αn;β0 : · · · :βn). This is clearly independent of the choice of q.
Let P be as above. The Cox ring Cox(P ) admits a natural grading by Z2 and we
have the decomposition
Cox(P ) =
⊕
(α,β)∈Z2
Cox(P )(α,β),
where Cox(P )(α,β) = k[u, x](α,β) consists of the homogeneous elements of bi-degree
(α, β). The Weil divisor class group Cl(P ) of P is isomorphic to Z2. We denote by
OP (α, β) the rank 1 reflexive sheaf corresponding to the divisor class of type (α, β).
More generally, for a subscheme Z ⊂ P , we set OZ(α, β) = OX(α, β)|Z . Finally we
remark that there is an isomorphism
H0(P,OP (α, β)) ∼= Cox(P )(α,β).
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We give a description of standard open affine charts of P . For i = 0, . . . , n and
j = 0, . . . ,m, we define Ui,j = (ui 6= 0) ∩ (xj 6= 0) ⊂ P . Clearly the Ui,j cover P . We
only explain an explicit description of Ui,j for j such that aj = 1, which is enough for
our purpose. For k 6= i and l 6= j, we set
u˜k =
uk
ui
and x˜l =
u
alλj−λl
i xl
xalj
,
which are clearly G2m-invariant rational functions on P which are regular on Ui,j . More-
over it is easy to see that Ui,j is isomorphic to the affine (n + m)-space with affine
coordinates {u˜k | k 6= i} ∪ {x˜l | l 6= j}.
Remark 4. Under the above setting, we note that the restriction map
H0(P,OP (α, β)) ∼= k[u, x](α,β) → H0(Ui,j ,OP (α, β)) ∼= H0(An+m,OAn+m)
can be understood as the homomorphism defined by sending g(u, x) ∈ H0(P,OP (α, β))
to the polynomial obtained by substituting u˜k = x˜l = 1 in g(u˜, x˜) ∈ H0(Ui,j ,OP (α, β)).
2.2. Definition of families. Let n,m, r be positive integers such that n ≥ m+ r. We
set l := n + 1 −m. For a filed k, we define Pk = Pk(n, r) to be the WPS bundle over
Pn−r defined by the 2× (n+ 3) matrixu0 · · · un−r w x1 · · · xr y1 · · · 1 | 0 0 · · · 0 −1
0 · · · 0 | 1 1 · · · 1 1
 .
Note that we have an isomorphism
Pk ∼= PPn−r(O⊕r+1Pn−r ⊕OPn−r(1)).
We write
k[u] = k[u0, . . . , un−r], k[u, x, y] = k[u0, . . . , un−r, x1, . . . , xr, y].
For an integer j, we denote by k[u]j the vector space consisting of the degree j poly-
nomials in variables u0, . . . , un−r. For integers j1, j2, we denote by k[u, x, y](j1,j2) the
vector space consisting of the polynomials of bi-degree (j1, j2), where the bi-degree
is the one defined by the above action, i.e. bi-deg ui = (1, 0),bi-deg(xi) = (1, 1) and
bi-deg y = (0, 1). We set Λk = Λk(n,m, r) := |OPk(m, l)| and let Ξk = Ξk(n,m, r) be
the sub linear system of Λk spanned by the sections
{ amwl + f | am ∈ k[u]m, f ∈ k[u, x, y](m,l) }.
The complete linear system |OPk(0, 1)| is base point free and H0(Pk,OP (0, 1)) is
spanned by w, x1, . . . , xr, u0y, . . . , un−ry. Let Ψ: Pk → Pn+1k be the the morphism
associated to |OPk(0, 1)|. We denote by w, x1, . . . , xr, y0, . . . , yn−r the homogeneous
coordinates of Pn+1 so that Ψ∗w = w, Ψ∗xi = xi and Ψ∗yi = uiy. It is easy to see that
Ψ is the blowup of Pn+1k along the linear space Lk = (y0 = · · · = yn−r = 0) ⊂ Pn+1k
of dimension r and its exceptional divisor Ek is the divisor (y = 0) ⊂ Pk, which
is isomorphic to Pn−rk × Prk. The push-forward Ψ∗ of divisors induces a one-to-one
correspondence between Λk and the linear system |ImLkOPn+1k (n + 1)| of degree n + 1
hypersurfaces in Pn+1k containing Lk with multiplicity at least m.
For the proof of Theorem 1, it is enough to show the failure of stable rationality of
a very general member of ΛC.
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Lemma 5. Suppose that the ground field k is an algebraically closed field of character-
istic 0. Then general members of Λk and Ξk are smooth.
Proof. It is easy to see that Λk and Ξk are base point free. In fact, Λk contains Ξk as
a sub linear system and Ξk contains the sub linear system generated by the sections
{umi wl, umi xlj , un+1i yl | 0 ≤ i ≤ n− r, 1 ≤ j ≤ r},
which is clearly base point free. Thus the assertion follows from Bertini theorem since
Pk is smooth. 
Remark 6. Theorem 1 is known when (m, r) = (n− 1, 1), (n− 2, 2) as we will explain
below.
Suppose that (m, r) = (n − 1, 1). Then a general member X ∈ ΛC(n, n − 1, 1),
together with the projectionX → Pn−1, is a conic bundle (embedded in PC(n, n−1, 1) ∼=
PPn−1(O ⊕ O ⊕ O(1))) such that OX(−KX) ∼= OX(0, 1) is not ample (in fact |−KX |
defines the blowup Ψ|X : X → Ψ∗X along the line LC). By [1, Theorem 1.1], a very
general X is not stably rational.
Suppose that (m, r) = (n − 2, 2). Then a general member X ∈ ΛC(n, n − 2, 2),
together with the projection X → Pn−2, is a del Pezzo fibration of degree 3 (embedded
in PC(n, n− 2, 2) ∼= PPn−2(O⊕3⊕O(1))) such that OX(−KX) ∼= OX(0, 1) is not ample.
By [11, Theorem 1.1], a very general X is not stably rational.
2.3. Reduction of the problem. We explain that Theorem 1 is reduced to the fol-
lowing.
Proposition 7. Let n ≥ 3, m and r be positive integers such that n ≥ m+ r, and let k
be an algebraically closed field of characteristic p, where p divides l = n−m+ 1. Then
a very general member X ∈ Ξk admits a universally CH0-trivial resolution ϕ : X˜ → X
such that H0(X˜,Ωn−1
X˜
) 6= 0.
We recall the definition and a basic property concerning universal CH0-triviality. For
a variety X, we denote by CH0(X) the Chow group of 0-cycles on X, which is the free
abelian group of 0-cycles modulo rational equivalence.
Definition 8. A projective variety X defined over a field k is universally CH0-trivial if,
for any field extension F ⊃ k, the degree map deg : CH0(XF )→ Z is an isomorphism.
A projective morphism ϕ : Y → X defined over a field k is universally CH0-trivial if,
for any field extension F ⊃ k, the pushforward map ϕ∗ : CH0(YF ) → CH0(XF ) is an
isomorphism.
Lemma 9. If X is a smooth, projective, stably rational variety, then X is universally
CH0-trivial.
Let n,m, r be as in Theorem 1. For the proof of Theorem 1, it is enough to show
that a very general V ∈ ΛC(n,m, r) is not universally CH0-trivial. We can degenerate
V to a very general member V ′ of ΞC(n,m, r). Since V and V ′ are smooth by Lemma 5,
we can apply the specialization theorem [22, Theorem 2.1] of universal CH0-triviality
and it is then enough to show that V ′ is not universally CH0-trivial. Let k be an
algebraically closed field of characteristic p, where p divides l = n−m+ 1, and let X
be a very general member of Ξk(n,m, r). We can lift X to V
′ (using the ring of Witt
vectors with coefficient k, which is a mixed characteristic DVR with residue field k).
Now we assume that Proposition 7 holds and let ϕ : X˜ → X be as in Proposition 7. By
HYPERSURFACES CONTAINING A LINEAR SPACE 5
[20, Lemma 2.2], X˜ is not universally CH0-trivial. Then, applying the specialization
theorem [3, The´ore`me 1.14] of universal CH0-triviality, we conclude that Theorem 1
follows from Proposition 7.
3. Proof of Theorem 1
3.1. Construction of global differential forms. Before starting the proof of Theo-
rem 1, we recall the construction of global differential forms on an inseparable covering
space. We refer readers to [10, Chapter V.5] and [15] for details.
Let Z be a smooth variety defined over an algebraically closed field k of characteristic
p > 0, L an invertible sheaf on Z, m a positive integer divisible by p and s ∈ H0(Z,Lm).
Let
piU : U := Spec(⊕i≥0L−i)→ Z
be the total space of the line bundle L. We denote by y ∈ H0(U, pi∗UL) the zero section
and define
Z[ m
√
s] := (ym − pi∗Us = 0) ⊂ U.
Set X = Z[ m
√
s] and pi = piU |X : X → Z. We call X or pi : X → Z the covering of Z
obtained by taking the mth roots of s.
The singularities of X can be analyzed by critical points of the section s. Let
q ∈ Z be a point and x1, . . . , xn local coordinates of Z at q. Around q, we can write
s = f(x1, . . . , xn)τ
m, where f ∈ OZ,q and τ is a local generator of L at q. We write
f = α + ` + q + g, where α ∈ k and `, q are linear, quadratic forms in x1, . . . , xn,
respectively, and g = g(x1, . . . , xn) ∈ (x1, . . . , xn)3.
Definition 10. We keep the above setting. We say that s ∈ H0(Z,Lm) has a critical
point at q ∈ Z if ` = 0.
We say that s ∈ H0(Z,Lm) has an admissible critical point at q ∈ Z if s has a critical
point at q and the following is satisfied:
• In case either p 6= 2 or p = 2 and n is even, q is a nondegenerate quadric.
• In case p = 2, n is odd and 4 - m, we have
length(OZ,q/(∂f/∂x1, . . . , ∂f/∂xn)) = 2,
or equivalently,
q = βx21 + x2x3 + x4x5 + · · ·+ xn−1xn,
and x31 ∈ c for some β ∈ k under a suitable choice of local coordinates.
• In case p = 2, n is odd and 4 | m, we have
length(OZ.q/(∂f/∂x1, . . . , ∂f/∂xn)) = 2
and the quadric in Pn−1 defined by q = 0 is smooth, or equivalently,
q = x21 + x2x3 + x4x5 + · · ·+ xn−1xn
and x31 ∈ c under a suitable choice of local coordinates.
Note that admissible critical points are isolated. It is easy to see that X is singular
at p ∈ X if and only if s has a critical point at pi(p). Thus, if the section s has only
admissible critical points on Z, then the singularity of X are isolated.
We can summarize the results of [10], [4] and [15] in the following form.
6 TAKUZO OKADA
Lemma 11 ([10, Chapter V.5], [4], [15, Proposition 4.1]). Let X,Z,L,m and s be as
above. Assume that s ∈ H0(Z,Lm) has only admissible critical points on Z. Then
there exists an invertible subsheaf M of the double dual (Ωn−1X )∨∨ of the sheaf Ωn−1X
and a resolution of singularities ϕ : X˜ → X with the following properties.
(1) M∼= pi∗(ωZ ⊗ Lm).
(2) ϕ is universally CH0-trivial and ϕ
∗M ↪→ Ωn−1
X˜
We will refer to M in the above lemma as the invertible subsheaf of (Ωn−1X )∨∨ asso-
ciated to the covering pi : X → Z.
3.2. Proof of Proposition 7. Let n,m, r be positive integers such that n ≥ m + r
and set l = n−m+ 1. We freely use notation of Section 2.
By Remark 6, the proof is done when l = 2, or equivalently when (m, r) = (n−1, 1).
In the following, we assume l ≥ 3. Throughout this section, we chose and fix a prime
number p dividing l and we work over an algebraically closed field of characteristic p.
Let X ∈ Ξk = Ξk(n,m, r) be a very general member with defining equation amwl +
f = 0. The aim is to show thatX admits a universally CH0-trivial resolution ϕ : X˜ → X
of singularities such that X˜ is not universally CH0-trivial. Let Q = Qk be the WPS
bundle over Pn−r defined byu0 · · · un−r z x1 · · · xr y1 · · · 1 | 0 0 · · · 0 −1
0 · · · 0 | l 1 · · · 1 1

and define
Z := (amz + f = 0) ⊂ Q.
We set
∆ := (x1 = · · · = xr = y = 0) ⊂ Q,
∆Z := ∆ ∩ Z = (am = x1 = · · · = xr = y = 0) ⊂ Z,
Z◦ := Z \∆Z = Z \ (am = x1 = · · · = xr = y = 0) ⊂ Z,
X◦ := pi−1(Z◦) = X \ (am = x1 = · · · = xr = y = 0) ⊂ X.
We denote by pi : X → Z the morphism defined by pi∗z = wl, which is the restriction
of the natural morphism P → Q.
Lemma 12. Z◦ is smooth, and X is smooth along X \X◦.
Proof. We have
X \X◦ = (am = x1 = · · · = xr = y = 0) ⊂ P.
Since am is general, we may assume that the hypersurface am = 0 in Pn−r is smooth.
This implies that amw
l vanishes at any point of X \X◦ with multiplicity at most 1 and
thus X is nonsingular at any point of X \X◦.
We claim that the restriction map
H0(Q,OQ(m, l))→ OQ(m, l)⊗ (OQ,q/m2q)
is surjective for any point q ∈ Q◦ := Q \ ∆. Note that Q◦ is the smooth locus of Q.
We set
Ui,j = (ui 6= 0) ∩ (xj 6= 0) ⊂ Q, for i = 0, . . . , n− r, j = 1, . . . , r,
Ui,y = (ui 6= 0) ∩ (y 6= 0) ⊂ Q, for i = 0, . . . , n− r,
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so that Q◦ is covered by the Ui,j and the Ui,y. Suppose that q ∈ Ui,j . Without loss of
generality, we may assume q ∈ U0,1. We have an isomorphism
U0,1 ∼= An+1 = Spec k[u˜1, . . . , u˜n−r, z˜, x˜2, . . . , x˜r, y˜],
where
u˜i =
ui
u0
, z˜ =
z
xl1
, x˜j =
xj
x1
, y˜ =
yu0
x1
.
There are sections
um0 x
l
1, uiu
m−1
0 x
l
1, u
m
0 z, u
m
0 xjx
l−1
1 , u
m+1
0 yx
l−1
1 ∈ H0(Q,OQ(m, l)),
and their restriction to U0,1 are as follows
1, u˜i, z˜, x˜j , y˜.
This shows that the restriction map is surjective for q ∈ U0,1, and thus for any q ∈ Ui,j .
Suppose that q ∈ Ui,y. We may assume q ∈ U0,y. We have an isomorphism
U0,y ∼= An+1 = Spec k[u˜1, . . . , u˜n−r, z˜, x˜1, . . . , x˜r],
where
u˜i =
ui
u0
, z˜ =
z
ul0y
l
, x˜j =
xj
u0y
.
There are sections
um+l0 y
l, uiu
m+l−1
0 y
l, um0 z, u
m+l−1
0 xjy
l−1 ∈ H0(Q,OQ(m, l))
and their restriction to U0,y are as follows
1, u˜i, z˜, x˜j .
This shows that the restriction map is surjective for q ∈ U0,y, and thus for any q ∈ Ui,y.
Therefore the claim is proved.
Note that Z is a general member of the linear system |OQ(m, l)|. By the surjectivity
of the above restriction map, it follows that, for a given point q ∈ Q◦, n+2 independent
conditions are imposed for members of |OQ(m, l)| to have a singular point at q. By the
dimension counting argument, we can conclude that a general member of |OQ(m, l)| is
smooth outside ∆, and the proof is completed. 
We set L = OZ(0, 1) and L◦ = L|Z◦ . Note that z can be viewed as a global section of
Ll = L⊗l. We see that pi◦ = pi|X◦ : X◦ → Z◦ is the morphism obtained by taking the pth
roots of z ∈ H0(Z◦,Ll). In the following we choose and fix a general a = am ∈ k[u]m.
Then, we will show that the section z ∈ H0(Z,Ll) has only admissible critical points
on Z◦ for a general f ∈ k[x, y](m,l).
Let R be the WPS bundle over Pn−r defined byu0 · · · un−r x1 · · · xr y1 · · · 1 | 0 · · · 0 −1
0 · · · 0 | 1 · · · 1 1
 .
We have a natural projection Q 99K R which is defined outside ∆ ⊂ Q. Then its
restriction Z 99K R to Z is defined outside ∆Z and we denote by ρ : Z◦ → R the
restriction of Q 99K R on Z◦ = Z \∆Z .
Lemma 13. The section z ∈ H0(Z,Ll) does not have a critical point along (a = 0)∩Z◦.
Moreover, z has an admissible critical point at q ∈ (a 6= 0)∩Z◦ if and only if the section
ap−1f ∈ H0(R,OR(pm, l)) has an admissible critical point at ρ(q) ∈ (a 6= 0) ∩R.
8 TAKUZO OKADA
Proof. Let q ∈ (a = 0) ∩ Z◦. Then, since ∂(az + f)/∂z = a and Z◦ is non-singular,
z (or its translation) can be chosen as a part of local coordinates of Z◦ at q and this
clearly implies that z does not have a critical point at q. This proves the first assertion.
Let q ∈ (a 6= 0) ∩ Z◦. Then, since a does not vanish at q, we see that z has an
admissible critical at q if and only if so does apz. By the defining equation of Z, we
have −apz = ap−1f . It follows that z has an admissible critical point at q if and only
if so does ap−1f ∈ H0(Z,OZ(pm, l)). It is now easy to see that the latter is equivalent
to saying that the section ap−1f viewed as a section of OR(pm, l)) has an admissible
critical point at ρ(q) ∈ (a 6= 0) ∩R. This completes the proof. 
For a positive integer k and a point q ∈ R, we define
restkq : H
0(R,OR(m, l))→ OR(m, l)⊗ (OR,q/mkq).
We set
Vi,j := (ui 6= 0) ∩ (xj 6= 0) ⊂ R, for i = 0, . . . , n− r, j = 1, . . . , r,
Vi,y := (ui 6= 0) ∩ (y 6= 0) ⊂ R, for i = 0, . . . , n− r,
Vy :=
⋃
0≤i≤n−r
Vi,y = (y 6= 0) ⊂ R,
Γ := (y = 0) ⊂ R.
Lemma 14. (1) rest2q is surjective for any q ∈ Γ.
(2) r4q is surjective for any q ∈ Vy.
Proof. Let q ∈ Γ be a point. Since Γ is covered by the Ui,j , we may assume, by replacing
coordinates u, x, that q = (1:0 : · · · :0; 1 : · · · :0 :0) ∈ V0,1. We have an isomorphism
V0,1 ∼= An = Spec k[u˜1, . . . , u˜n−r, x˜2, . . . , x˜r, y˜],
where
u˜i =
ui
u0
, x˜j =
xj
x1
, y˜ =
yu0
x1
,
and u˜1, . . . , u˜n−r, x˜2, . . . , x˜r, y˜ can be choosen as local coordinates of R at q. The
restriction map is simply described as
rest2q(g(u, x, y)) = g(1, u˜1, . . . , u˜n−r, 1, x˜2, . . . , x˜r, y˜) (mod m
2
q)
for g = g(u, x, y) ∈ k[u, x, y](m,l). Since l ≥ 1 (in fact l ≥ 3) and m ≥ 1, we have
sections
um0 x
l
1, u
m−1
0 uix
l
r, u
m
0 xix
l−1
r , u
m+1
0 yx
l−1
r ∈ H0(R,OR(m, l))
and their restriction to V0,1 are 1, u˜i, x˜i, y˜, respectively. Thus rest
2
q is surjective and (1)
is proved.
Let q ∈ Vy be a point. Replacing coordinates, we may assume q = (1:0 : · · · :0; 0 : · · · :
0 :1) ∈ V0,y. We have an isomorphism
V0,y ∼= An = k[u˜1, . . . , u˜n−r, x˜1, . . . , x˜r],
where
u˜i =
ui
u0
, x˜j =
xj
yu0
.
In this case u˜1, . . . , u˜n−r, x˜1, . . . , x˜r can be chosen as local coordinates of R at q and
the restriction map is described as
rest4q(g(u, x, y)) = g(1, u˜1, . . . , u˜n−r, x˜1, . . . , x˜r, 1) (mod m
4
q)
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for g = g(u, x, y) ∈ k[u, x, y](m,l). Since l ≥ 3, there are sections
un+10 y
l, un0uiy
l, un+10 xjy
l−1, un−10 ui1ui2y
l, un0uixjy
l−1, un+10 xj1xj2y
l−2,
un−20 ui1ui2ui3y
l, un−10 ui1ui2xjy
l−1, un0uixj1xj2y
l−2, un+10 xj1xj2xj3y
l−3,
of bi-degree (m, l) whose image via rest4q form a basis of OR/m4q. This proves (2). 
Lemma 15. The section z ∈ H0(Z◦,Ll) has only admissible critical points on Z◦.
Proof. By Lemma 13, it is enough to show that the section ap−1f ∈ H0(R,N ) has only
admissible critical points on Va := (a 6= 0) ⊂ R.
We set
W = { ap−1g | g = g(u, x, y) ∈ k[u, x, y](m,l) },
which we identify with a subspace of H0(R,OR(pm, l)). For a point q ∈ Va and a
positive integer k, we define
restkW,q : W → OR(pm, l)⊗ (OR,q/mkq).
For an element ap−1g ∈W , we have g ∈ H0(R,OR(l,m)) and
restkW,q(a
p−1g) = a¯p−1q rest
k
q(g),
where a¯q is the restriction of a ∈ H0(R,OR(m, 0)) to OR(m, 0) ⊗ (OR,q/mkq). Since a
does not vanish at q ∈ Va, we see that surjectivity of restkq implies that of restkW,q.
By Lemma 14, rest4q is surjective for any q ∈ Va∩Vy, hence so is rest4W,q. This means
that a general ap−1f ∈ W has only admissible critical points on Va ∩ Vy. Again by
Lemma 14, rest2q is surjective for any q ∈ Va ∩ Γ, hence so is rest2W,q. Surjectivity of
rest2W,q implies that n = dimR independent conditions are imposed for elements of W
to have a critical point at q ∈ Va ∩ Γ. Since dim Γ = n − 1, we conclude, by counting
dimensions, that a general ap−1f ∈W does not have a critical point along Va∩Γ. This
completes the proof. 
Proof of Proposition 7 and Theorem 1. Let X ∈ Ξk be as above. Let M◦ be the
invertible subsheaf of (Ωn−1X◦ )
∨∨ associated to pi◦ = pi|X◦ : X◦ → Z◦ and let M be the
pushforward ofM◦ via the open immersion X◦ ↪→ X. We set λ = n−m− r. Then we
have
M◦ ∼= pi◦∗(ωZ◦ ⊗ Ll) ∼= pi◦∗OZ◦(−λ, λ) ∼= OX◦(−λ, λ),
so that M ∼= OX(−λ, λ). Thus we have H0(X,M) 6= 0 since λ ≥ 0. Note that, since
X \ X◦ is smooth by Lemma 12, the singularity of X are all contained in X◦ and is
coming from admissible critical points of z ∈ H0(Z◦,Ll). By Lemmas 15 and 11, there
exists a universally CH0-trivial resolution ϕ : X˜ → X such that ϕ∗M ↪→ Ωn−1X˜ . Then
we have H0(X˜,Ωn−1
X˜
) 6= 0 and the proof of Proposition 7 is completed. As explained
in Section 2.3, Theorem 1 follows from Proposition 7. 
4. Proof of Theorem 2
This section is devoted to the proof of Theorem 2. We work over C. Let n ≥ 3 be an
integer and e = max{ l | 2l + l ≤ n }. Let p1, . . . , pr+1 be points of Pn+1 = Pn+1C with
r ≤ e and let V be a very general hypersurface of degree n + 1 in Pn+1 containing pi
with multiplicity 2 for i = 1, . . . , r+ 1, that is, V ∈ |I2p1 · · · I2pr+1OPn+1(n+ 1)|. We will
show that V is not stably rational.
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We choose and fix an r-plane L ⊂ Pn+1 containing p1, . . . , pr+1. Then we can
degenerate V to a very general hypersurface V ′ of degree n + 1 in Pn+1 containing
L with multiplicity 2. Let ψ : X → V ′ be the blowup of V ′ along L so that X is a very
general member of ΛC(n, 2, r) and ψ is a resolution of singularities. By Proposition 7,
X is not universally CH0-trivial since n ≥ 2e + e ≥ 2 + r. Hence, by the specialization
theorem [3, The´ore`me 1.14], it is enough to show that ϕ is universally CH0-trivial.
The ψ-exceptional divisor E is (y = 0) ∩ X, which is isomorphic to a very general
hypersurface of bi-degree (2, n−1) in Pn−r×Pr. Moreover, the restriction ψ|E : E → L
coincides with the restriction of the second projection Pn−r × Pr → Pr ∼= L to E. It
follows that ψ|E : E → L is a quadric bundle over L. Let ξ ∈ L be any scheme point of
Y and let Eξ = ψ
−1(ξ) be the fiber considered as a variety over the residue field k(ξ)
of V ′ at ξ, which is a smooth quadric in Pn−rk(ξ) . The transcendental degree of k(ξ) over
C is at most r. Thus, by [13, Theorem 2a], the field k(ξ) is Cr. Here we say that a field
K is Ci if every homogeneous form in K in n variables and of degree d with n > d
i
has a nontrivial zero in K. Moreover we have n − r + 1 > 2r by the assumption. It
follows from the definition of Cr-field that Eξ has a k(ξ)-rational point. This shows
that Eξ is rational over k(ξ) and Eξ is universally CH0-trivial. By [3, Proposition 1.8],
we conclude that ψ is a universally CH0-trivial resolution, as desired. Therefore the
proof of Theorem 2 is completed.
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